In this paper, we study the nonlinear coupled boundary value problem arising from the nonlinear dispersion of a pollutant ejected by an external source into a channel flow. We obtain exact solutions for the steady flow for some special cases and an implicit exact solution for the unsteady flow. Additionally, we obtain analytical solutions for the transient flow. From the obtained solutions, we are able to deduce the qualitative influence of the model parameters on the solutions. Furthermore, we are able to give both exact and analytical expressions for the skin friction and wall mass transfer rate as functions of the model parameters. The model considered can be useful for understanding the polluting situations of an improper discharge incident and evaluating the effects of decontaminating measures for the water bodies. 
Introduction
Pollution of natural water sources resulting from industrial waste discharge is a serious socio-ecological hazard. If the problem is not carefully controlled and monitored, large communities can be exposed to extensive health risks. Early detection of such pollution accidents, both in terms of extent and impact, is of primary importance. Also, the subsequent requirement to take immediate corrective measure to redress the pollution problem and to mitigate against its impact is essential. Hence, the development of accurate methods and models to predict the spread of a pollutant once a discharge has been detected is an area of vital research [1] . Spread of pollutants in a fluid flow depends largely on concentration coefficients [2] , which may be determined empirically for a specific type of pollutant. Investigations such as [3, 10] and the current one can help in identifying the pollutant physical properties (and the related mathematical parameters) likely to cause the greatest impact in the spread and concentration of such a pollutant: Such investigations, as well as the complementary experimental works, in, say, large scale water treatment and redistribution net-works, are of great relevance [4] [5] [6] [7] [8] [9] .
Despite such interesting applications, the literature on the analysis of buoyancy effects and nonlinear pollutant injection is minimal. In the present work, we take up the problem of Chinyoka and Makinde [10] . In this problem, the authors suppose that a pollutant is introduced nonlinearly into a channel flow via an external source. The influence of density variation with pollutant concentration is founded by the Boussinesq approximation, and the nonlinear governing equations of momentum and pollutant concentration are obtained. In particular, Chinyoka and Makinde [10] employ a finite difference scheme to study the solutions to the nonlinear model numerically. Here, in Section 2 we first formulate the mathematical problem along the lines of Chinyoka and Makinde [10] . In particular, we specify a non-dimensional nonlinear coupled boundary value problem in space and time, for the fluid velocity, , and the concentration of the pollutant, C . Then, in Section 3, we obtain implicit solutions for the steady flow case. In some special cases, we obtain the explicit exact solutions. Then analytical solutions for the transient flow are provided in Section 4 via perturbation of small physical parameters in the model. From these results, in Section 5, we are able to provide analytical solutions for the dimensionless shear stress C and mass transfer rate Sh in both the steady state and transient flow regimes. We then discuss the dependence of the solutions of the velocity and pollutant concentration on the model parameters. We also discuss the influence of the model parameters on the dimensionless shear stress C and mass transfer rate Sh. We find that the parameter dependence on the exact and analytical solutions is in agreement with the numerical results of Chinyoka and Makinde [10] .
Formulation of the problem
We consider a transient problem of fluid flow and nonlinear dispersion of pollutant in a rectangular channel. In order to derive the governing equations, the following assumptions are made (for details see [10] ):
(i) The fluid is viscous and incompressible.
(ii) Initially, the flow is fully developed through a rectangular channel.
(iii) At time¯ > 0, a given pollutant is injected into the flow from an external source; the viscosity of the fluid and the pollutant mass diffusivity then vary with its concentration.
(iv) The influence of density variation with pollutant concentration is to be considered only in the body-force term of the momentum equation, and the Boussinesq approximation is used.
Under these flow conditions (see Figure 1 for the flow geometry and the coordinate system), the problem is reduced mathematically to a transient coupled fluid flow and mass transfer problem (see [1, 3, [8] [9] [10] ) as
subject to the initial and boundary conditions Here, is the axial velocity of the fluid, C is the pollutant concentration, C 0 is the pollutant reference concentration, C is the pollutant concentration at the walls, S is the pollutant external source function, is the gravitational acceleration, ρ is the density, β is the concentration expansion coefficient, is the channel half width, andP is the fluid pressure. As in Eq. (3), we employ a fully developed Poiseuille parabolic velocity profile as the initial flow. The pollutant concentration dependent fluid dynamic viscosityμ, mass diffusivityD, and external source may be assumed to take the form of exponential functions as
where µ 0 is the viscosity coefficient, D 0 is the mass diffusivity coefficient, 1 is the viscosity variation parameter, 2 is the mass diffusivity variation parameter, and 3 is the pollutant external source variation parameter respectively. In order to work with a non-dimensional form of the coupled boundary value problem (1)- (5), we introduce the following variables and constants:
Substituting (7) into (1)- (6), we obtain
where λ is the pollutant external source parameter, Gc is the solutal Grashof number, K is the axial pressure gradient parameter, Sc is the Schmidt number, Re is the Reynolds number, α is the viscosity variation parameter, γ is the mass diffusivity variation parameter, and is the pollutant external source variation parameter. Furthermore, dimensionless shear stress (C ) and the mass transfer rate (Sh) at the channel wall are given by
respectively.
Solutions for the steady flow
We first consider a steady state solution ( * * ) to (8)- (12) . At steady state, the boundary value problem (8) 
we find that (14) reduces to
Note that, when γ takes the values 0, 1, 2 or 3, equation (18) is exactly solvable, and we present these exact solutions below.
The exact solution in the case of γ = 0
In the case of γ = 0, we find that
The exact solution in the case of γ = 1
In the case of γ = 1, we find that
Note that the solution is valid only for γScλ < π 2 4 .
The exact solution in the case of γ = 2
In the case of γ = 2, we find that
Here, ℘ denotes the Weierstrass's elliptic function [11] , while A 1 and A 2 denote constants of integration depending on the boundary conditions (20). Explicitly,
Then, the boundary conditions (20) determine the constants A 1 and A 2 via the relations
and
where Ψ ( ) denotes the th polygamma function of [11] . Once A 1 and A 2 are determined, we have from (18) that *
The exact solution in the case of γ = 3
In the case of γ = 3, the solution to (19)- (20) is
where sn ( ) denotes a Jacobi elliptic function [11] , while A 1 and A 2 denote constants of integration depending on the boundary conditions (20).
Then the boundary conditions (20) determine the constants A 1 and A 2 via the relations
where cn ( ) and dn ( ) denote Jacobi elliptic functions [11] . Now, cn ( ) = 0 implies that = κ 3κ 5κ , where we define the constant κ by
Here, K ( ) denotes the complete elliptic integral of the first kind [11] :
Furthermore, dn ( ) 1 for real . Hence, (32) can only hold for A 1 A 2 = κ 3κ 5κ . Thus, we have the solutions
to (32). Placing these into (31), we have that 
where A is a constant of integration. We find that A must satisfy the equations
Separating variables and integrating (37), we have that
(39) One may, in principle, invert this relation for ψ, obtaining the solution to equation (19)-(20). Note, however, that the value ψ (0) is a constant parameter on which the solution appears to depend. However, let us evaluate the relation at = 0. Then,
which is a complicated (although, in principle, locally solvable) expression involving ψ (0). Solving for possible values of ψ (0) and feeding these back into (40), we obtain all possible values of the solutions ψ to (19)-(20). Clearly, if there are multiple positive solutions for ψ (0), then there will be multiple solutions to (19)-(20). Of course, from (38), we should only accept solutions corresponding to values of ψ (0) satisfying
Thus, from (18), we see that
In Figure 2 , we demonstrate some of the obtained steady state solutions for the concentration, while in Figure 3 we show profiles for the resulting flow velocities at steady state. 
where the constant A is defined by the relation
Perturbation solutions for the transient flow
For the transient flow problem (8)- (12), we first obtain a solution ( ) satisfying equation (9) and the relevant boundary conditions. Once such a ( ) is known, we obtain a solution ( ) satisfying equation (8) and the relevant boundary conditions.
Perturbation solution for ( )
Notice that (9) is a partial differential equation in ( ) only. Hence we first obtain solutions to the boundary value problem
4.1.1. Perturbation solutions for small γ = 0
Consider the case of small yet nonzero values of the parameter γ. To this end, for any , we may write =¯ γ for some¯ 0. We can expand the exponentials in (47),
Let us assume a perturbation solution of the form
(54) for all 1. Here the S ( )'s are the secular terms, the first couple of which are given by
An application of Fourier analysis to the linear boundary value problems (51)- (52) and (53)-(54) yields the solutions
Perturbation solutions for γ = 0
We now consider the case in which γ = 0. In such a case, we choose to perturb about the parameter . We may then expand the exponential in (47), obtaining
Then, assume a perturbation solution of the form
We find that
( 0) = 0
for all 1. Here theS ( )'s are the secular terms, the first couple of which are given bỹ
An application of Fourier analysis to the linear boundary value problems (61)-(62) and (63)-(64) yields solutions of the form given in (57)-(58), the only exception being that S ( ) is replaced withS ( ) in (58).
Perturbation solution for ( )
Notice that (8) is a linear partial differential equation in ( ). Thus, once we solve (9) for ( ), we may feed such ( ) back into (8), and solve the boundary value problem
for ( ). Consider the case of small values of the parameter α. We may expand the exponentials in (67), obtaining
Placing (24) back into (23), we have that
for all 1. Here the R ( )'s are the secular terms, the first couple of which are given by
The solutions to the linear boundary value problems (72)- (73) and (74) ( − τ)
and ( ) = 2
for all 1.
Solutions for the dimensionless shear stress and the mass transfer rate at the wall
Recall that the dimensionless shear stress (C ) and the mass transfer rate (Sh) at the channel wall are given respectively by
First, we compute these quantities for the steady flow. Then, we provide analytical solutions for the unsteady (or, transient) flow. Note that, in the transient case, the dimensionless shear stress (C ) and the mass transfer rate (Sh) at the channel wall will, in general, be functions of > 0.
Steady state solutions for the mass transfer rate at the wall
At steady state, recall that for γ = 0, we have that
for arbitrary values of γ 0. Now, from (39), Steady state values of Sh are given for many sets of parameter values in Table 1 . 
Then, we have that
In order to compute this integral, we must know the explicit form of the steady state solution * ( ). For some of the particular values of γ considered in Section 3.1, we may explicitly compute C . First, when γ = 0, we have that
where we have used the fact that
for A > 0. Meanwhile, when γ = 1, we have that
Again, the integral exists for γScλ < π 2 4 . While there is no closed form solution for the integral, note that we may obtain an approximation valid for small γScλ. In particular, for 0 < A < π 2 , we find that Table 1 .
Unsteady solutions for the mass transfer rate at the wall
In order to compute transient values of the mass transfer rate at the wall, one may employ the perturbation solutions given in Section 4.1. In particular, when γ = 0, we may use the solution given in (51). We find that
Upon differentiation and evaluation at = 1, we find that, for > 0,
where the T ( )'s are defined by
(99)
Again, note that these series representations are valid for > 0; when = 0, the series expansion for T 0 ( ) diverges. Note that for γ 1, the results agree with those in the steady state cases discussed, above. In particular, for γ 1, we see that Sh ≈ Scλ. For the case in which γ = 0, we may employ the solution of the form (61). We find that
where theT ( )'s are defined byT
Note that for 1, we see that Sh ≈ Scλ. Furthermore, as → ∞, we have that Sh = Scλ, which is in agreement with the steady state results derived previously for γ 1.
Unsteady solutions for the shear stress at the wall
In order to compute transient values of the dimensionless shear stress, one may employ the perturbation solutions given in Section 4.2. In the small α regimes, we find that
where the Θ ( )'s are defined by
Note that these series representations are valid for > 0. Also, for α 1,
and at steady state (i.e., as → ∞)
which is in agreement with the steady state result derived in equation (90).
Results and discussion
We have analyzed a system of nonlinear coupled boundary value problems arising from the nonlinear dispersion of a pollutant ejected by an external source into a laminar flow of an incompressible fluid in a channel. The model considered can be useful for understanding the polluting situations of an improper discharge incident and evaluating the effects of decontaminating measures for the water bodies. In particular, we have obtained exact solutions for the steady flow in a number of special cases, and an implicit exact solution is obtained in general. Furthermore, for the transient flow, we have obtained analytical solutions. In particular, the analytical solutions to the transient problems are obtained via perturbation about small parameters. These solutions are obtained for small values of the physical parameters γ (the mass diffusivity variation parameter) or (the pollutant external source variation parameter) for the non-dimensional concentration ( ). Similarly, the analytical solutions are obtained for small values of the physical parameter α (the viscosity variation parameter) for the non-dimensional flow velocity ( ).
As was discussed in Section 5.1 in the case of the steady state solutions, when γ ≈ we find that Scλ ≈ Sh. These results are also evident in Table 1 . Furthermore, we find that dimensionless shear stress C and mass transfer rate Sh at the wall computed using the transient solutions agree with those computed from the steady state solutions in the limit as → ∞.
We find that an increase in the mass diffusivity variation parameter γ results in a decrease in both the mass transfer rate Sh and shear stress C at steady state, although the decrease in the mass transfer rate is more pronounced. Meanwhile, we find that an increase in the pollutant external source variation parameter results in an increase in both the mass transfer rate Sh and shear stress C at steady state. Here, the increase in the mass transfer rate is more pronounced. These effects are displayed in Table 1, for various values of the physical parameters.
As shown in Table 1 we find that an increase in the Schmidt number Sc results in an increase in both the mass transfer rate Sh and shear stress C at steady state, and the influence on the mass transfer rate is more pronounced. Likewise, an increase in the pollutant external source parameter λ results in an increase in both the mass transfer rate Sh and shear stress C at steady state. Observe also that an increase in the solutal Grashof number Gc has no appreciable effect on mass transfer rate at steady state, as the equation for the steady state solution * ( ) does not explicitly depend on Gc and may be solved for * ( ) without regard to the other nonlinear equation containing Gc. However an increase in the solutal Grashof number Gc results in an increase in the shear stress C at steady state.
Furthermore, we find that an increase in the mass diffusivity variation parameter γ results in a decrease (downward shift) in the profiles for both the concentration at steady state, * ( ) and the flow velocity * ( ) at steady state. In analogy, an increase in the pollutant external source variation parameter results in an increase (upward shift) in the profiles for both the concentration at steady state, * ( ) and the flow velocity * ( ) at steady state. These effects are displayed in Figures 2 and 3 for the concentration * ( ) at steady state and the flow velocity * ( ) at steady state respectively. We also find that an increase in either the Schmidt number Sc or the pollutant external source parameter λ results in an increase (upward shift) in the profiles for both the concentration * ( ) at steady state, and the flow velocity * ( ) at steady state. Also, an increase in the solutal Grashof number Gc leads to an increase (upward shift) in the profiles the flow velocity * ( ) at steady state. However, an increase in the solutal Grashof number Gc has no appreciable effect on the profiles for the concentration * ( ) at steady state. Moreover, we find that the qualitative results for the transient flow agree with those for the steady state solutions for sufficiently large > 0. All of the obtained exact and analytical results agree well with the numerical solutions obtained by Chinyoka and Makinde [10] via a finite difference scheme. One use of the exact and analytical solutions obtained here would be in comparison with experimental and numerical results. Figures 4 and 5 show the agreement between our results and numerical results obtained in Maple 12 using the numerical ordinary boundary value problem solver (see references [12, 13] for details of the numerical method). For values of the physical parameters considered, the numerical and exact/analytical results are indistinguishable. Numerical solutions are taken to an accuracy corresponding to relative error no greater than 10 Finally, note that the concentration dependent fluid dynamic viscosityμ, the mass diffusivityD, and the external source are assumed to take the form of exponential functions in this work. An interesting area of future work would involve a similar study for a different class of such functions. Such results would allow us to extend the present results to a wide variety of pollutant ejected problems.
